Reliability of the beamsplitter based Bell-state measurement 
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A linear 50/50 beamsplitter, together with a coincidence measurement, has been widely used in 
quantum optical experiments, such as teleportation, dense coding, etc., for interferometrically dis- 
tinguishing, measuring, or projecting onto one of the four two-photon polarization Bell-states \ip^~^}. 
In this paper, we demonstrate that the coincidence measurement at the output of a beamsplitter 
cannot be used as an absolute identifier of the input state IV'' - ^) nor as an indication that the input 
photons have projected to the It/ 1 ' - ') state. 

PACS numbers: 03.67.Mn, 03.67.-a 



The phenomenon of non-local correlations, or entan- 
glement, between quantum mechanical particles is cen- 
tral to the growing field of quantum information science. 
Entangled states have been used for experimentally ver- 
ifying various violations of Bell's inequalities |]ll2Lbl> as 
well as for demonstrations of quantum cryptography Q , 
quantum teleportation and quantum dense coding 

In addition, the field of quantum computing relies 
on the ability to generate and manipulate multi-particle 
entangled states |8j . Perhaps the simplest examples of en- 
tangled states are the polarization-entangled Bell states: 

|V (±) ) = (\H) 1 \V) 2 ±\V) 1 \H) 2 )/V2, 
\<t>&) = (|ff)i|ff>a±|V>i|V> a )/>/2, 

where \H) and \V) refer to the horizontal and vertical 
polarization states of a single-photon, respectively. Such 
states are routinely generated via the process of sponta- 
neous parametric down-conversion (spdc) lalalifll- 

Since the Bell-states form a complete (entangled) basis 
for the two-particle polarization Hilbert space, it should 
be possible to build a measurement device capable of dis- 
tinguishing all four Bell states. Although the Bell-state 
measurement (BSM) plays a critical role in many of the 
quantum applications mentioned above, it is not trivial 
to build such a device, as non-linear photon-photon in- 
teractions are required for a complete BSM Thus 
far, there has been only one experimental demonstration 
of a complete BSM (for teleportation) using non-linear 
optical effects 6J. On the other hand, a simple linear 
optical beamsplitter has been claimed to distinguish at 
least one out of four Bell-states Jl2| and has been used 
in several recent experiments 0, @|. 

The beamsplitter based BSM can be briefly explained 
as follows. Consider a 50/50 beamsplitter in which two 
photons in a Bell state enter via modes 1 and 2 and exit 
via modes 3 and 4 (see the beamsplitter BS in Fig. 



It is straightforward to show that, out of the four Bell- 
states, only the . 2 inp ut results in exactly one pho- 
ton in each output port |l2(. Assuming perfect detectors, 
therefore, the probability of a coincidence count between 
two detectors located at modes 3 and 4 is unity for the 
IV* )i 2 input state. For the other three Bell-states, the 
probability of coincidence is zero because both photons 
always end up either in mode 3 or in mode 4. 

Experimentally, the presence of a coincidence or null- 
coincidence can be confirmed by varying the overlap of 
the 'photon wavepackets' at the beamsplitter. If photons 
do not overlap at the beamsplitter, they scatter randomly 
and the probability of (background) coincidence is 1/2. 
When the paths are properly aligned, the state |V^~^)i,2 
produces a peak in the coincidence rate that is twice the 
background coincidence rate. Likewise, the other three 
Bell-states produce a dip in the coincidence rate as the 
photon overlap at the beamsplitter is varied. The pres- 
ence of these coincidence features is often regarded as 
evidence that a particular apparatus is properly aligned 
and is functioning as a BSM device. In this paper, we 
show that these features may be observed even when Bell 
states are not used as the inputs. Thus, the presence of a 
coincidence peak does not guarantee that the input state 
is IV 7 )i,2- The implication, therefore, is that a coin- 
cidence event cannot be used as an absolute indication 
that an unknown input state has collapsed to \ip^)i,2. 

The experimental setup is shown in Fig. Q A 3 mm 
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FIG. 1: Outline of Experimental setup. A 3 mm thick type-II 
BBO crystal is pumped by a 120 fsec ultrafast laser pulse. 
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FIG. 2: Experimental data. The peak-dip visibility is 91%. 

thick type-II BBO crystal is pumped by a train of 120 fsec 
ultrafast pulses centered at 390 nm. Photons centered at 
780 nm are emitted into two distinct cones, one corre- 
sponding to the e-ray (V-polarized) and the other to the 
o-ray (H-polarized) of the crystal. Interest is restricted 
to the intersections of the two light cones, shown in the 
inset, where photons of either polarization may be found. 
Before being directed to the input ports of an ordinary 
non-polarizing beamsplitter, the photons pass through 
600/im thick quartz plates QP1 and QP2, which are ori- 
ented with their optic axes parallel to that of the BBO 
crystal. The quartz plates are used to adjust the phase 
between the interfering terms, as described below. Af- 
ter exiting the beamsplitter, the photons are detected by 
single-photon counters, D3 and D4, and the coincidence 
rate is measured using a time-to-amplitude converter and 
a multi-channnel analyzer with an effective coincidence 
window of 3 nsec. F3 and F4 are 20 nm (FWHM) spec- 
tral filters centered at 780 nm. 

The two-photon state exiting the quartz plates may be 
written in simple form as 

|V> = mM>2 + e -^(M>l|#(^)>2)/V2, 

where, for example, \H(tu))i\V(tv))2 represents a hori- 
zontally polarized photon in path 1 and a vertically po- 
larized photon in path 2 with the most probable times 
of emission being tn and tv, respectively. The photon 
wave packets are centered at different times because they 
propagate through the birefringent materials at differ- 
ent speeds. In most experiments involving this type of 
source, birefringent plates are used to temporally overlap 
the orthogonally polarized photons 0, . No such com- 
pensation is present here, however. The relative phase cf> 
between the two terms is determined by the transit times 
for the orthogonally polarized photons in the two sets of 
quartz plates. Tilting the plates in one arm increases the 
effective thickness of the plates, permitting precise phase 
adjustment. 

The coincidence data is shown in Fig. with the two 
different data sets corresponding to two different phase 
settings (0 and tt). The phase is adjusted by tilting QP2. 




FIG. 3: Four Feynman alternatives occur in this experiment. 
Vertical gray line represents the beamsplitter. For simplicity, 
the net delays (occured in the SPDC crysal and in the quartz) 
are expressed as thick lines in the two-photon paths. 

This adjustment also increases the total effective path in 
the lower arm, an effect which is manifested as an offset 
between the peak and the dip. 

In spite of the fact that the data clearly shows the coin- 
cidence peak and dip typically associated with BSM, the 
input states are not Bell states: polarization correlation 
measurements performed here would not yield the high- 
visibility sinusoidal curves associated with polarization- 
entangled states and, consequently, these polarization 
states could not be used to violate Bell's inequality. The 
lack of entanglement here is due not only to the prob- 
lems typically associated with ultrafast-pumped type-II 
sources, see Ref. 0, 0, 0], but also to the fact that 
the orthogonally polarized photons are not temporally 
overlapped, as described above. 

The data shown in Fig. |2Jshows, therefore, that polar- 
ization entanglement is not required at the beamsplitter 
input to observe the coincidence peak (or dip) at the 
beamsplitter output. The effect, which is discussed in 
more detail elsewhere ^1 > can be understood in terms of 
the Feynman diagrams for the events leading to a coin- 
cidence detection. There are two ways (corresponding to 
the two terms in the two-photon state) that photons may 
be emitted into the two input arms. A coincidence may 
be recorded either when both photons are transmitted 
(t-t) or when both are reflected (r-r), for a total of four 
Feynman amplitudes, as shown in Fig. [31 For a given 
emission event (\H(tH)}i \V(ty))2, for example), the r-r 
and t-t cases are distinguishable, since they lead to differ- 
ent sequences of detection events (compare and '5 2 in 
Fig. OH . As long as the two arms of the interferometer are 
identical, though, a particular detection sequence may be 
obtained via two distinct emission events (compare Vti 
and ^4 in Fig.^J), i.e., the amplitudes are pairwise indis- 
tinguishable. Depending on the phase between the two 
emission terms, the resulting interference may be either 
constructive or destructive. 

Interference curves similar to those shown in Fig.[21are 
typically used to align a BSM device. It is then assumed 
that an unknown input state is projected to |V' < - ^)i,2 
whenever a coincidence is observed at the outputs. We 
have shown here that the same curves may be obtained 
with states that are not Bell states. It follows, then, 
that a coincidence detection does not necessarily project 
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the input state to |V' < - _ ' ) )i,2- Rather, the coincidence mea- 
surement projects the input state to a class of states that 
possess a particular symmetry and, as we shall see below, 
the Bell state |V^ — ^)i,2 is just one of many two-photon 
states which exhibit such symmetry. 

The symmetry condition mentioned above can be iden- 
tified by determining the input state that results exclu- 
sively in the two photons exiting the beamsplitter via 
different paths, i.e., the input state that always leads to 
a coincidence detection (coincidence peak). We start by 
considering the more general two-photon state 

\ip) = J J duj H Hiy 2 K , wv )ag! (wff )a|, 2 ( w v ) 

+ J 7 vi.H2(^H,^v)a vl (uJv)dl I2 {u!H)}\0)/V2, (1) 
where, for example, a H1 (uiH)ay 2 (oJv)\0) represents a 



horizontally polarized single photon of frequency u>h in 
path 1 and a vertically polarized single photon of fre- 
quency toy in path 2. The two-photon joint spectral 
function Thi.v2{^1i 1jJ 2) describes the energy distribu- 
tion probabilities for the photon pair and can be cal- 
culated explicitly in the case of SPDC 

mUlEl. The 

most general two-photon state should also include terms 
of the form d^ H1 {iOi)a H2 (uj 2 ) and a vl (u!i)a V2 (id 2 ) , but 
since these terms always lead to the symmetry condition 
in which two photons exit via the same output path (null 
coincidence or coincidence dip) , we can restrict attention 
to the terms shown in Eq. Q without loss of generality. 

The input and output modes of the beamsplitter are 
related by a^uj) = [a^^) + io-ji^)] /V% and dj A {Lo) = 
[a,ji(u>) + ia,j2(u>)] /V%, where the subscript j identifies 
the polarization (H or V). Inserting these operators into 
Eq. 0} yields the state at the output of the beamsplitter, 



1^)3,4 = 



doj H duj v \ [^hi,V2(uh,0Jv) ~ J 7 vi,H2(ujh, wv)] [a H4 (u>H)a V3 (u)v) - a} H3 {uH)a VA {uv)} 

+i[fHl,V2{oJH,Uv) + Fvi,H2(uH,Uv)][a\j 3 (uH)a v3 (uJv) + &HA( u s)o>v i (LJv)] \ |0). 



(2) 



r 



If the input state is to lead to exactly one photon 
in each of the output paths, then the coefficients pre- 

s^KJo^K) and 
This leads to the condi- 



ceding operators of the forms 
d HA {(^H)dy 4 {uiv) must be zero, 
tion ^1,^2(^1,^2) = —Fv\,H2{w2,Ui)- Imposing this 
condition on Eq. Q yields the anti-symmetric state 

\ip)AS = 1 1 ' <kjH<^vF(u H ,w v ){d Hl {ujH)dy 2 {uJv) 

- a vl (uj v )alj 2 (uj H )}\0)/V2, (3) 

which has the property that the photons' spectral and 
temporal properties are correlated with their polariza- 
tions. This condition is satisfied in the type-II emission 
scheme employed here, as long as the optical path lengths 
in the two arms are identical (path length mismatch is 
manifested as a frequency dependent phase factor). 

The symmetry exhibited in Eq. © , while sufficient for 
deterministically generating a coincidence at the beam- 
splitter output, does not guarantee that the state is a 
Bell state. This can be seen by analyzing the polariza- 
tion correlations of the two photons @,liIE],E3- K a P arr 
of photons in a polarization-entangled state are directed 
to detectors preceded by polarizers, the coincidence rate 
will vary sinusoidally with either the sum or difference 
of the polarizer angles. Any state exhibiting this type 
of correlation may be used to violate a Bell inequality. 
For the IV'' - ') 1,2 state, the coincidence rate is given by 
R c cx sin 2 (#i — 82), where 9\ and 8 2 are the orientations 



of the polarizers. The coincidence rate for the general 
state is given by 



where (0^)1 



(0|(cos 6 >ja H j{uj 



jO, V j(Wj)). 



With the state \ip) given in Eq. JIJ, the coincidence rate 
becomes 

R c (ui,u 2 ) oc I cos 61 sin 9 2 T H i,V2{^i, u 2 ) 

+ cos8 2 sm8 1 J : vl . H2 (uj 2 ,uj 1 )\ 2 , (4) 

which is proportional to sin 2 (#i — 8 2 ) only if 
^ 7 fli,V2(k>ijW2) = —^1,^2(^1, oj 2 ). As before, this con- 
dition may be imposed on Eq. to give the Bell state 



/ Bell 



a V1 {^l)^ H2 {uJ2)}Pl 



(5) 



where the different labeling scheme reflects a symmetry 
that is subtly different than that shown in Eq. 0. Here, 
the spectral and temporal properties of the photons are 
correlated with path, rather than with polarization. For 
the Bell-state, therefore, the horizontally polarized pho- 
ton in a particular path must be identical to the vertically 
polarized photon in that path. This condition is not sat- 
isfied for the photon pair source employed here, not only 
because the orth ogon ally polarized photons are centered 
at different times [l3j , but also because the different spec- 
tral properties of the emitted photons are correlated with 
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polarization However, the symmetry condition 

shown in Eq. (J5J can be met if the two-photon state is 
"rearranged" so that any properties originally correlated 
with polarization become correlated, instead, with path 

These results are summarized as follows: a two-photon 
state with the symmetry of Eq. © will produce a coinci- 
dence at the beamsplitter output, while a state with the 
symmetry of Eq. Q will exhibit the polarization corre- 
lations of a Bell state. Of course it is possible for a state 
to possess both types of symmetry, in which case the 
beamsplitter really would identify the l^p^) Bell state . 
Both symmetry conditions are met if the photons' spec- 
tral and temporal properties are correlated with neither 
path nor polarization, i.e. if T(uj,uo r ) = J-(Oj',uj). In this 
case, the two photons are spectrally and temporally iden- 
tical, as is the case with the photon pair source described 
in Ref. For ultrafast-pumped type-II SPDC used in 
this paper, this condition may be satisfied by configuring 
it to eliminate spectral differences between the photons 

mm. 

The analysis presented above shows that the symmetry 
condition that leads to a coincidence at the beamsplit- 
ter output is different than the symmetry condition re- 
quired for polarization entanglement. Although the anal- 
ysis was carried out in the spectral domain, equivalent 
results would be obtained in the time domain, where the 
improperly comensated temporal walk-off would be rep- 
resented as a temporal shift, rather than an additional 
phase factor. It has been assumed here that the emit- 
ted photons, while not spectrally identical, have identi- 
cal center wavelengths. Nothing in the analysis, how- 
ever, requires this to be so and the differences in the 
symmetry conditions may best be illustrated by consid- 
ering a two-color two-photon source. Imagine a source 
that emits one red and one blue photon into two dis- 
tinct paths and that either polarization may be found 
in each path, with the polarizations always found to be 
orthogonal when measured in the H-V basis. Depending 
on whether photon color is correlated with polarization 
or with path, such a source may: i) have unit probabil- 
ity of producing a coincidence count (coincidence peak) 
at the beamsplitter output while exhibiting no polariza- 
tion entanglement, e.g., {\H R ) 1 \V B )2 ~ \Vb)i\H r ) 2 )/V2 
(the same result as in the experiment presented here); or 
ii) be polarization-entangled (|^~))i,2 state), but fail to 
produce a coincidence peak at the beamsplitter output, 
e.g., (\H) 1R \V) 2B - \V) 1R \H) 2B )/y/2. In the latter case, 
the red photon is always found to be in path 1, while the 
blue photon is always in path 2 [19j . The pair would be 
entangled in polarization (assuming no additional tim- 
ing information), but when incident on a beamsplitter 
the photons would not exhibit the interference features 
shown in Fig. [21 since the coincidence detection events 
would no longer be pairwise indistinguishable as in Fig. [3] 

In conclusion, we have presented experimental evi- 



dence that a successful Bell-state measurement cannot be 
claimed solely based on the coincidence data alone, be- 
cause the interference features (coincidence peak or dip) 
which are commonly considered as the signature of a suc- 
cessful BSM may, in fact, be obtained with input states 
incapable of violating a Bell inequality. We have also 
shown that the conditions which lead to a positive re- 
sult (coincidence at the beamsplitter outputs) are indeed 
different than the conditions required of a polarization- 
entangled state or a proper Bell-state projection. 

The authors wish to acknowledge several enlightening 
discussions with D. Branning and helpful comments by 
V. Protopopescu. This research was supported in part 
by the National Security Agency and the LDRD Pro- 
gram of Oak Ridge National Laboratory, managed for the 
U.S. DOE by UT-Battelle, LLC, under contract No. DE- 
AC05-00OR22725. 



[1] 
[2] 
[3. 



K 

[6 

[7] 
[S] 



[9 
[10 

[11 



[12. 

[is; 

[14 



[15 
[16 



[17 

[18 



J.S. Bell, Physics 1, 195 (1964); J.F. Clauser and A. Shi- 
mony, Rep. Prog. Phys. 41, 1881 (1978). 
A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 
47, 460 (1981). 

Y.H. Shih and CO. Alley, in Proc. 2nd Int. Symp. Found. 
Quantum Mechanics, ed. M. Namiki (Physical Society of 
Japan, Tokyo, 1987); Phys. Rev. Lett. 61, 2921 (1988); 
Z.Y. Ou and L. Mandel, Phys. Rev. Lett. 61, 50 (1988). 
N. Gisin et al., Rev. Mod. Phys. 74, 145 (2002). 
D. Bouwmeestter et al, Nature 390, 575 (1997); J.-W. 
Pan et al, Phys. Rev. Lett. 80, 3891 (1998). 
Y.-H. Kim, S.P. Kulik, and Y. Shih, Phys. Rev. Lett. 86, 
1370 (2001); J. Mod. Opt. 49, 221 (2001). 
K. Mattle et al, Phys. Rev. Lett. 76, 4656 (1996) 
M.A. Nielson and I.L. Chuang, Quantum Computa- 
tion and Quantum Information (Cambridge Univ. Press 
2000). 

P.G. Kwiat et al. Phys. Rev. Lett. 75, 4337 (1995). 
Y.-H. Kim et al. Phys. Rev. A 67, 01030RR) (2003). 
L. Vaidman and N. Yoran, Phys. Rev. A 59, 116 (1999); 
N. Liitkenhaus, J. Calsamiglia, and K.-A. Suominen, 
ibid., 59, 3295 (1999). 

S.L. Braunstein and A. Mann, Phys. Rev. A 51 R1727 
(1995). 

M.H. Rubin, D.N. Klyshko, Y.H. Shih, and A.V. 
Sergienko, Phys. Rev. A 50, 5122 (1994). 
T.E. Keller and M.H. Rubin, Phys. Rev. A 56, 1534 
(1997); W.P. Grice and LA. Walmsley, Phys. Rev. A 56, 
1627 (1997). 

Y.-H. Kim and W.P. Grice, J. Mod. Opt. 49, 2309 (2002). 
G. Di Giuseppe et al, Phys. Rev. A 56, R21(1997); W.P. 
Grice et al, Phys. Rev. A 57, R2289 (1998); Y.-H. Kim 
et al, Phys. Rev. A 64, 01 1801 (R) (2001); Y.-H. Kim et 
al, Phys. Rev. Lett. 86, 4710 (2001). 
Y.-H. Kim and W.P. Grice, to be published. 
W.P. Grice, A.B. URen, and I.A. Walmsley, Phys. Rev. 
A 64, 063815 (2001). 
[19] Y.-H. Kim, S.P. Kulik, and Y. Shih, Phys. Rev. A 63, 
060301 (R) (2001). 



